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SOUTEZ V MATEMATICKEM MODELOVANI SCUDEM IV 2019

ZDENEK OPLUSTIL

ABSTRAKT. Clanek popisuje étvrty roénik mezindrodni soutéze v modelovani po-
moci diferencidlnich rovnic SCUDEM IV 2019, kterého se icastnili studenti oboru
Matematického inzenyrstvi FSI VUT v Brné.

1. Uvob

Na podzim minulého roku probéhl uz ¢tvrty roénik mezindrodni soutéze Student
Competition Using Differential Equation Modeling (SCUDEM), kterou zajistuje
organizace ,,Systemic Initiative for Modeling Investigations & Opportunities with
Differential Equations” (SIMIODE). Tato organizace sdruzuje ucitele a studenty
z celého svéta a jednim z jejich hlavnich cilu je podpora vyuky matematického
modelovani a feseni praktickych problému pomoci diferencidlnich rovnic.

Aktudlné posledniho ro¢niku soutéze SCUDEM IV 2019 se poprvé zucastnili
také nasi studenti oboru Matematické inzenyrstvi. V kategorii studentu bakalaiské-
ho studia soutézili Anna Glozigova, Martin Buridnek a Petr Kamaryt s kou¢em
docentem Zdeitkem Oplustilem a v kategorii studentt magisterského studia Daniel
Kisa, Adam Kyjovsky a Daniel Kunz, jejich kou¢ byl profesor Jan Francu.

Systém soutéze byl ndsledujici: Jednotlivé tymy si pii registraci vybraly hostitel-
skou univerzitu, v nasem piipadé to byla Masarykova univerzita v Brné - presnéji
Ustav matematiky a statistiky Pirodovédecké fakulty. Viechny tymy obdrzely ve
stejny cas zadéni, které obsahovalo nasledujici tii témata: Problem A: Group Af-
finity and Fashion Sense, Problem B: Movement Of An Object In Microgravity
Environments, Problem C: Chemical Espionage (pfesné znéni zadani je uvedeno
nize). Studenti si jedno z nich vybrali a méli tyden na jeho zpracovani, resp. vy-
tvoreni matematického modelu popsaného pomoci diferencialnich rovnic.

Hlavni ¢ast soutéze pak probihala v Brné na Prirodovédecké fakulté pred po-
rotou slozenou z koucu jednotlivych tymu a dale z vysokoskolskych pedagogt
zabyvajicich se problematikou diferencialnich rovnic. Hodnoceni poroty bylo rozdé-
leno na dvé ¢asti. Nejprve byla anonymné hodnocena odevzdana feSeni jednot-
livych tymi a dale pak samotnd prezentace student. P¥iéemz do ni museli soutézici
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jesté zahrnout i odpovédi na dopliujici otazky polozené piimo na misté. Pro od-
lehéeni soutézniho napéti hlavni organizatori akce pripravili i doprovodny program,
ktery spocival napf. v modelovani vyvoje populace nebo matematickém kvizu.

Mimo tymy z naSeho oboru Matematické inzenyrstvi se brnénské ¢asti soutéze
tymy z Matematicko - fyzikalni fakulty Univerzity Karlovy. Celkové pak SCUDEM
IV 2019 probéhl na vice nez 60 univerzitdch po celém svété (v Evropé to byla jeste
univerzita v madarském Szegedu).

Podle hodnoceni poroty soutézici uspésné zvladli zpracovat vybrand témata.
Velmi zajimavé bylo, jak rozdilnym zpusobem jednotlivé tymy piistupovaly k
feseni stejnych problému - ¢asto to korespondovalo s jejich zaméfenim studia (ne-
jednalo se totiz jen o studenty ¢isté matematickych oboru). Samotni ucastnici
soutéze podle svych slov ocenili moznost vyzkouset si prezentaci svych vysledku
ptred porotou, coz pro vétsinu byla nova a ne uplné ptijemnd zkuSenost. Na dru-
hou stranu se to dalo brat jako pfiprava napf. na obhajobu zavérecné prace.
Dalsim pfinosem soutéze urcité bylo vyzkousSet si tymové feSeni zadaného problému
v daném ¢asovém intervalu, tj. navrhnout feseni a obh4&jit si ho pred porotou, tak
jak to bézné v praxi chodi.

Celkovy dojem ze soutéze byl velmi pozitivni a doufdme, ze studenti Matema-
tického inzenyrstvi se budou soutéze pravidelné tcastnit i v ptristich ro¢nicich. Byla
by to pro né urcité zajimava a uziteéna zkuSenost.

Jesté poznamenejme, ze podrobngéjsi informace o organizaci SIMIODE a o sa-
motné soutézi SCUDEM lze nalézt na webovskych strankéach
https://www.simiode.org/ resp. https://www.simiode.org/scudem.

Na zavér uvedeme pfesnd zadéni jednotlivych témat a dale pak feSeni, které
sestavili studenti naseho oboru.

Problem A: Group Affinity and Fashion Sense

People tend to congregate into groups in different ways. People can create strong
links in small cliques or identify loosely as part of a larger trend. One example of
the latter phenomena is hipsters. An amusing example of how someone identified
and adapted their appearance to conform to the look of a stereotypical hipster
is a person who complained that his image was used in an article about people
conforming to a stereotypical look [1]. It later turned out the image in the article [2]
was someone else who happened to look like the person complaining that image was
appropriated. This raises a number of questions about how people choose which
groups to associate with as well as how they decideto adjust to the expectations
of the other people within their group. We focus on the latter question, and you
are asked to examine the propensity for a person to alter their appearance and
conform to particular expectations. You should develop a model that describes
how different people within an established group interact and decide to change
some particular part of their appearance. How long does it take for people in the
group to change their appearance? How many people will change, and how much
alike will they eventually appear? You should provide an analysis about which
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parts of your model impact how different subgroups change and how quickly the
change occurs. Your description of the model should include the following:

e Clearly describe the aspect that is being changed.

e Describe how information about it is exchanged between people in the
group.

e Describe the way people interact and how the model mimics those inter-
actions.

e Describe the range of values of the parameters and the meaning associated
with higher versus lower values of these parameters.

Note, the work that sparked this exchange included a mathematical model of
how people decide whether or not to conform and change their appearance [3]. The
model and analysis in the paper is advanced, and it is not a good starting point
for the beginning development of a model. The model in the paper only included
two different groups: conformists and nonconformists. It also included a delay to
approximate the interactions between the two groups. (A delay can be difficult to
approximate and analyze and should probably be avoided for a first effort in a
short term project.)

REFERENCES:

[1] Garcia-Navarro, Lulu and Feingold, Lindsey, “Man Inadvertently Proves That
Hipsters Look Alike By Mistaking Photo As Himself,” March 10, 2019,
https://www.npr.org,/2019/03/10/702063209/man-inadvertently-proves-that-
hipsters-look-alike-by-mistaking-photo-as-himself. Accessed June 2019.

[2] ”The hipster effect: Why anti-conformists always end up looking the same,”
MIT Technology Review, Feb 28, 2019,
https://www.technologyreview.com/s/613034/the-hipster-effect-why-anti-
conformists-always-end-up-looking-the-same/. Accessed June 2019.

[3] Touboul, Jonathon, “The Hipster Effect: When Anticonformists All Look
The Same,” https://arxiv.org/abs/1410.8001. Accessed June 2019.

Problem B: Movement Of An Object In Microgravity Environments

In February 2019 a Japanese probe made contact with a small asteroid, Ry-
ugu [1]. The team overseeing the program had to overcome a number of technical
challenges. For this question we focus on the issues associated with a low gravity
environment. The team had to land a probe gently enough so that it does not
bounce and move too far away from a designated landing position. The next pro-
blem is moving the probe to a new position using a minimal amount of energy and
also minimizing how far the probe bounces on the surface of the asteroid.

You have been asked to provide guidance in helping find a new asteroid on which
to land a probe. The goal is to determine the range of dimensions for the smallest
possible asteroids which can be used to land a probe. (Keep in mind that asteroids
can have high aspect ratios and are generally not round.) Your team should develop
a method to land a small probeon the asteroidand the final position of the probe
after coming to rest should be as close as possible to a predetermined landing
point. At the same time the amount of bouncing should be as small as possible to
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avoid damaging the probe.You should also develop a way to move the probe to a
predetermined position using a spring that will allow the probe to hop in a given
direction without using a device that generates thrust. The analysis you provide
should include a detailed description of the mathematical models you develop to
describe the movement of the probe in these different conditions.

The surface of the asteroid is assumed to be quite rugged, and the probe may
have to jump into a ravine or along the side of a steep cliff. You should provide
guidance concerning the limits of moving theprobe using a minimal number of
jumps under a wide variety of situations. Your analysis should include a description
of the possible limits to what area can be exploredand the description should
include guidance on choosing an asteroid with respect to the possible dimensions.

REFERENCES:

[1] Wall, Mike, “Japanese Spacecraft Successfully Snags Sample of Asteroid
Ryugu,” space.com, 22 February 2019, https://www.space.com/japanese-asteroid-
probe-lands-ryugu.html. Accessed June 2019.

Problem C: Chemical Espionage

It can be difficult for some insects to find mates. One common way for a female
to attract a male is to use chemical signals. One problem with this approach
is that this signaling can attract many males, and in response the males often
use chemical signals, called anti-aphrodisiacs, that are used to either mask or
dissuade other males. An example of this can be found in the large cabbage white
butterfly Pieris brassicae. Unfortunately for the butterflies,the chemical signals can
be exploited by parasitic wasps. Two species of wasps have been identified that
can detect the anti-aphrodisiacs, and when a female butterfly has the chemical
signal thewaspsare more likely to follow the butterfly and lay their own eggs in
the butterflies’ eggs. These interactions introduce two competing pressures on the
butterfly population. For the male butterflies the anti-aphrodisiacs make it more
likely for them tofertilize eggs. For the female butterflies the anti-aphrodisiacs
make it less likely to be bothered by more males, and the females can focus on
placing their eggs in the most advantageous place. On the other hand the anti-
aphrodisiacs make it more likely these eggs will be eaten by the wasp larvae. One
question that arises is to determine the trade-offs and balance between the two
competing interests. To do so develop a mathematical model for the interactions
of the male and female P. brassicaeas well as the parasitic wasps. What is the best
balance for this system and what is likely to happen in the long run?

REFERENCES:

[1] “Chemical espionage on species-specific butterfly anti-aphrodisiacs by hitchhi-
king Trichogramma wasps, “ Martinus E. Huigens, Jozef B. Woelke, Foteini G.
Pashalidou, T. Bukovinszky, Hans M. Smid, and Nina E. Fatouros.Behavioral
Ecology. Volume 21, Issue 3, May-June 2010, Pages 470-478, 11 February 2010.
https://doi.org/10.1093 /beheco/arq007.
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Pro modelovani feSeni tohoto problému jsme vyuzili klasicky Lotkiv- Volterriv model
dravce a koristi. AvS8ak narazili jsme na problém, Ze v tomto modelu vymfiela jedna z
populaci, nebo pfezili pouze motyli, jejichz populace rostla nade vSechny meze. Proto jsme
zvolili tzv. model s vnitrodruhovou konkurenct.

Necht tedy z je populace motyli a y populace vos. Dany problém je popsan nésledujici
soustavou

' = (e — ax —yy)z
Y = (—e + %)y

kde

€1. .. mira rustu populace kofisti,

€. .. mira rustu populace dravce izolovaného od kofisti, e3> 0,
«. .. mira vnitrodruhové konkurence kovisti, o> 0,

1. .. mira niceni populace kofisti dravcem,

Yo... kM1, kde k>0,

K...efektivnost premény znicené kovisti na populaci dravce,

dale 71, €1 jsou funkce zéavislé na ¢, kde c. .. koncentrace feromonii od populace motyli,
¢>0. Zvolili jsme €;=ec a vy, =gc, kde e,g >0. Dostavame tedy tvar

2 = (ec — ax — gey)x ©)
Y = (—extrgex)y

1. ANALYZA MODELU A SINGULARNICH BODU

Obé rovnice polozime rovny nule a obdrzime nasledujici singularni body

0,01, [2£,0], [, "eamses

Kkge'  Kg2c?
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Jacobiho matice pro danou soustavu je

oh(zy) Ofi(zy) ec — Y — ac _acx
J&Y) = opsloa)  orshu) :< o 9 e )
T By Kgcy —€y + Kgcx

Jacobiho matice v prvnim singuldrnim bodé&

ec e
005 ).
jejiz vlastni ¢isla jsou A\;= -ec, A= €5, za predpokladu e,c > 0. Jelikoz dostavame kombinaci
kladné a zdporné vlastni ¢islo, jedna se o typ singularniho bodu tzv. sedlo (nezavisi na c).

Jacobiho matice v druhém singularnim bodé

—ec —gc?e
J(a70)< 0 —ep + Kgize >7

jejiz vlastni ¢isla jsou A= ec, A= ;@gé%m’ kde podle rgc?e—eya mame dva typy singu-
larnich bodu.

rgele <esar ...c € (05, /922)

2 o .
Kgele > ... € (/2 5 00)

V prvnim piipadé se jedna o stabilni uzel, v druhém o sedlo, pfi¢emz uvazujeme
2
g Kege®—aeg 2 s L
[@7T‘32.]. pro Kgce >eq, nebot opak nemd smyslz ‘
Treti a nejzajimaveési singularni bod ma Jacobiho matici

—Qen —€9
J(<2 Kegc®—aea Kgc K
: (@7 rg2c? ) reg—acy |
gc

ea(regc®—aes) 0

Kgc o
Diskriminant této rovnice je D = a?e3 — 4rgces(kegc® — aey)
D>0...jelikoz aey > v/ D obé realna vlastni ¢isla jsou zaporna, dostavame tedy uzel.
D<O0 ... komplexné sdruzena vlastni ¢isla se zdpornymi redlnymi ¢astmi, dostavame
stabilni ohnisko.

D=0 ...Tesime rovnici vzhledem k « jejiz kofeny jsou o* = 2kge(=£, /1 + %-1),
€

vlastni ¢isla zjistime z nésledujictho vyrazu )\2+%)\ +

kde smysl mé pouze uvazovat kladny koten.

Pro a<a* dostavame ohnisko a pro a>a* uzel.

2.ZAVER

Namétem k dalsi analyze by mohl byt rozbor vzhledem k c u tfetiho singularniho bodu,
to vSak vede k rovnici tretiho stupné analyticky obtizné fesitelné. Jinou modifikaci by
mohlo byt rozsifeni modelu do t¥eti dimenze (napf. pro motyly a dva druhy vos). Regeni

komplikovangjsich modelu by vsak vyzadovalo vice ¢asu.
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DODATECNE UKOLY
UKOL 1
Nasi soustavu jsme rozsitili o dalsi rovnici, model tedy nabyva podoby

= (e —ax —yy — 6hz2)x
Y = (—ea + 7z — 022)y
2 = (—e3+ 032 + T3y)2
kde
€3. .. mira rustu populace dravce izolovaného od obou druhi kovisti, e3 > 0,
03. .. mira nicend pronitho druhu populace kovisti dravcem, kde o3 = Ady, A > 0,

T3. .. mira mira niceni druhého druhu populace kotisti dravcem, kde 73 = Bds, B > 0,
A,B. .. efektivnost premény jednotlivého druhu znicené kotisti na populaci dravce,

Dostavame tedy matici 3x3, kde urcovani typu singularnich bodu by ptinaselo jisté
komplikace.

UKOL 2

Nasi soustavu jsme modifikovali nasledovné

' = axy — frxz
Y = aory — Payz
7= —az+ 01z + 0yz

kde

z. .. populace samcii,

Y. .. populace samic,

z...populace dravci,

a1 = g ... predpoklad, Ze se stejnou pravdépodobnosti narodi samec/samice,

B1 = Ba ... predpoklad, Ze dravec bude se stejnou pravépodobnosti nicit samce i samice,

®3)

(4)

Odpovéd na otazku vede k feSeni optimaliza¢ni tlohy. Samec nepouzivajici feromony méa

malou Sanci, Ze ho samicka vyhleda. Samec pouzivajici naopak pfili§ moc feromoni
riskuje sezrani jeho mladat. Je tedy t¥eba nalézt optimalni hodnotu feromot.

UKOL 3

Nasi ptuvodni soustavu jsme modifikovali nasledujicim zptisobem
' = (e — ax —yy)z
Y = (—ea +71)y

kde

z puvodni zavislosti €; =¢;(c) dostavame zavislost na Casu €;=¢€1(c, t) a z y1 =1 (c)
dostavame zavislost na ¢asu v, =71 (c, t).

Modifikované soustava by vSak potom nebyl autonomni systém.
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Zadani problému

Modelovan4 situace se tyka populace bélaska zelného a parazitickych vosi¢ek z rodu
Trichogramma. Bélasci pfi rozmmnozovani pouzivaji chemické signdly. Feromon
samicky lakd samecky, oproti tomu feromon jednoho samecka odpuzuje ostatni
samecky. Zaroven vsak ldtka samecciho feromonu (benzylchlorid) 16k dva druhy
parazitickych vosicek k mistu pafeni. Vosicky kladou svoje vajicka dovniti vajicek
bélaska, témi se nasledné vylihnuté larvy krmi. Hladina samecéiho feromonu tudiz
vytvari dva protichtdné natlaky na populaci bélasku. Pro samicky vysoka hladina
benzylchloridu znamend, ze muze klast vajicka v klidu bez obtézovani ostatnich
samct, to ale zaroven zpusobi pfilet vice parazitickych vosicek.

Ukolem je sestavit matematicky model (pomoci diferencidlnich rovnic) popisujici
tuto situaci, diskutovat rovnovahu systému a dlouhodobé dopady.

2. ZVOLENY MODEL, JEHO PREDPOKLADY A VYSLEDKY

Zvoleny model zkouma zménu populaci béldska a vosicek v ¢ase, pficemz inter-
akce téchto dvou druhti je modelovana pomoci tfeti proménné symbolizujici pocet
bélaskem nakladenych vajec. Dostavame tak systém tii diferencialnich rovnic.
Piedpokldddme, ze piirustky populaci béldska (resp. vosicek) jsou piimo imérné
poctu nenapadenych vajec (resp. napadenych vajec), a Ze jejich ubytek je pfimo
umérny jejich populacim. Jelikoz doty¢ny druh je v rdmci jednoho péaticitho ob-
dobi monogamni, predpoklddame, ze prirustek vajec je imérny poc¢tu oplozenych
samicek.

Funkce afrodiziaka vyluc¢ovaného samickami je v modelu zanedbana, funkce anti-
afrodiziaka vyluc¢ovaného samecky je modelovana tak, ze ¢im vice samecku ben-
zylchlorid pfi pafeni vypousti, tim vice roste pravdépodobnost, ze nakladena vejce
budou napadena parazitickymi vosickami. Pomér mezi pohlavimi bélaska je uvazo-
vén konstantni a roven 2.23:1 samecku ku samickdm[2]. Nejsou uvazovéna jednot-
liva vyvojova stadia bélasku a vosicek, v modelu se z vajec lihnou uz dospéli jedinci.
Dale model zanedbava fakt, ze bélasci se nerozmnozuji po cely rok, ale pouze v
urc¢itych obdobich.

Model je ve tvaru

T = cléefp(wrﬁr)y —dix
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y=co(l—e 7)1~ p)xr—dy
p=c36(1 — e Ty — dop,

kde x vyjadiuje populaci bélaski, y pocet vajec a p populaci parazitickych vosicek.

Parametry pouzité v modelu jsou zesumarizovany v nasledujici tabulce. Vétsina
hodnot byla zvolena pouze orienta¢né pro numerické feseni systému.

Parametr Popis Hodnota
C1 podil nenapadenych vajec, ktera se zdarné vylihnou v bélaska 0.9
cz poéet vajec nakladenych jednou oplozenou samickou 20
C3 podil napadenych vajec, kterd se zdarné vylihnou ve vositku 1
dx umrtnost béldskd 1
dz umrtnost vosicek 1
r podil sameckd pouZivajicich anti-afrodiziakum
& rychlost lihnuti vajec 1

o, B sloudi k vyjadfeni schopnosti hledani vajec vosiékami 0.1, 0.9
y slouii k vyjadieni pravdépodobnosti, Ze si kaidd samicka najde partnera 1
pomér pohlavi mezi sametky a samickami 0.69

Pro vysvétleni vyznamu jednotlivych ¢lenu za¢neme u ¢lenu vyjadiujiciho piiru-
stek vajec. Z predpokladu monogamie samicek plyne, ze za jedno périci obdobi
muze dojit k maximalné (1 — p)x oplozeni. (1 —e~7*) je rostouci funkce nabyvajici
hodnot mezi 0 a 1 a vyjadfuje pravdépodobnost, ze dojde k oplozeni vSech samic.
Po vynasobeni konstantou co dostavame celkovy pocet nakladenych vajec.
Ubytek vajec —dy se pak délf na tii ¢dsti - pifrastek belaskt v dusledku vylihnuti,
prirustek vosicek v dusledku parazitace a piipadny ubytek vajec z externich duvo-
di. Funkce e~ P(@+87) ye zmiénych piirtsteich vyjadiuje jakou éést vajec vosicka
nenapadne. Pro velké hodnoty p se funkce blizi nule, jinak fe¢eno, pokud je pocet
vosicek velky, podafi se jim napadnout témér vSechna vejce. Parazitismus vosicek
je silné ovlivnén parametrem r, ktery vyjadiuje podil samecku bélaska v populaci
vyuzivajicich anti-afrodiziakum pro zvyseni Sance svého rozmnozeni. Cim veétsf
tento podil je, tim 1épe vosicka na béldscich parazituje. Parametr o vyjadiuje mi-
nimélni schopnost vosi¢ek parazitovat, tedy i bez pomoci samecéiho feromonu.
a+ 8 pak tu maximélni, tedy v piipadé vSech samecku vypoustéjicich benzylchlo-
rid.

Ijbytky —dix a —dap jsou v tomto tvaru kvuli predpokladu linedrni zavislosti
rychlosti vymirani populace na jeji velikosti.

3. INTERPRETACE A DISKUSE VYSLEDKU

Vzhledem k nelinearité systému rovnic byla tloha feSena pouze numericky v pro-
stiedi MATLAB. Konstanty pro vypocet byly zvoleny dle tabulky vyse. Zkoumén
byl vliv podilu samecku pouzivajicich anti-afrodiziakum na feSeni systému. Pfi
malych hodnotich r bylo feSeni asymptoticky stabilni a po nékolika oscilacich
se populace bélaska a vosicek ustdlily na nenulovych hodnotéach - oba druhy v
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systému zily v rovnovéaze. Pfi zvySovani parametru r se nejprve zvétsovalo osci-
lovani feseni a trvalo déle, nez se populace ustélily. Okolo hodnoty r = 0.3 se reSeni
kvalitativné zménilo a ekvilibrium pfestalo byt asymptoticky stabilni, feSeni okolo
néj soustavné kmitalo. Pro hodnoty nad r = 0.33 se stacionarni bod pfesunul do
pocatku, v systému tedy doslo k vymifeni obou druhu.

Vysledky lze interpretovat tak, ze pro celkovou populaci bélaska je vyhodnéjsi
mens§{ mira vyuzivédni benzylchloridu pro odrazeni ostatnich samecki. Feromon
sice zvysi Sanci jedince na Uspé$né rozmnozeni, v pritomnosti vosicek ale jeho
vylu¢ovani pusobi od jisté meze katastrofalné a vede k vyhynut{ celé populace.
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